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Abstract 

In this paper, real matrix representations of split quaternions are examined in terms of the casual 
character of quaternion. Then, we give De-Moivre’s formula for real matrices of timelike and spacelike 
split quaternions, separately. Finally, we state the Euler theorem for real matrices of pure split 
quaternions. 
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1 Introduction 

Sir William Rowan Hamilton discovered the quaternions in 1843, which was one of the his best contri¬ 
bution made to mathematical science. This discovery is a way of extending complex numbers to higher 
dimensions. So the set of quaternions, which was introduced by Hamilton, can be represented as 


m = {q = qo + qii + q 2 j + qsk', qo, qi,q2, <?3 G R} 


where 


= —1 and ijk = —1. 


The set of quaternions is a member of noncommutative division algebra [H]. 


We know that real quaternion algebra is isomorphic to a real 4x4 matrix algebra. The real matrix 
representations of quaternions are investigated in |15) , [6] and [7] . Euler and De-Moivre formulas for real 
matrices associated with quaternions are studied in [5]. 

In 1849, James Cockle introduced the set of split quaternions, also known as coquaternions. The real 
algebra of split quaternions, denoted by H, is a four dimensional vector space over the real field M of real 
numbers with a basis {l,i,j,k} satisfying 

= —1, p = = 1 and ijk = 1. 

The set of split quaternions is noncommutative, too. Unlike quaternion algebra, the set of split quater¬ 
nions contains zero divisor, nilpotent elements and nontrivial idempotents m, [SI- 

Split quaternions is a recently developing topic. There are some studies related to geometric applications 
of split quaternions such as m, [n], [14] and [12]. Particularly, the geometric and physical applications 
of quaternions require solving quaternionic equations. Therefore, there are many studies on quaternionic 
and split quaternionic equations. For example; the rearrangement method of solving two sided linear split 
quaternionic equations is given in [^ and De Moivre’s formula is used to find the roots of split quaternion 
in work m- Furthermore, 2x2 complex matrix representation of any split quaternion is presented in 
[1] and the left and right real matrix representations of split quaternions are studied in [lOj . 

In this paper, we will investigate real matrix representations of split quaternions. First, we present a 
brief introduction of split quaternions. Then, we examine real matrices associated with split quaternions 
depending on the casual character of the quaternion. Moreover, we give De-Moivre’s formula for real 
matrices of timelike and spacelike split quaternions, separately. Finally, we state the Euler theorem for 
real matrices of pure split quaternions. 
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2 Preliminaries 


In this section, we present an introduction to split quaternions for the necessary background m, [S], 

El- 

2.1 Split quaternions 

The set split quaternions can be represented as 

M. = {q = qo + qii + q 2 j + qsk; qo, qi, q 2 , qs £ R} 

where the product table is: 



1 

i 

j 

k 

1 

1 

i 

j 

k 

i 

i 

-1 

k 

-j 

j 

j 

-k 

1 

—i 

k 

k 

j 

i 

1 


We write any split quaternion in the form q = qo + qii + q 2 j + q^k = Sq + Vq where Sq = qo denotes the 
scalar part of q and + 92 j + 93 ^ denotes vector part of 9 . If S', = 0 then q is called pure split 

quaternion. The set of pure split quaternions are identified with the Minkowski 3 space. The Minkowski 
3 space is Euclidean 3 space with the Lorentzian inner product 

(it, it)^ = -UiVi + U2V2 + UoVo 

where it = (ui,U 2 ,U 3 ) and it = {vi,V 2 ,V 3 ) £ and denoted by Ef. We say that a vector it in Ef is 
spacelike, timelike or null if (it, it)^ > 0, (it, it)^ > 0 or (it, it)^ = 0, respectively. The conjugate of 
a split quaternion q = qo + qii + 92 J + qok is denoted by 9 and it is 9 = S', — = 90 — 9 if — qoj — q^k. 

For any p, g £ H, the sum and product of split quaternions p and 9 are 

p q = Sp + Sq 

Pq = SpSq + i^p^ 1" Sp^q + Sq\^ + Xl , 

respectively. Here Xl denotes Lorentzian vector product and is defined as 

-ei 62 63 

Ml M 2 M 3 , 

Ml M 2 M 3 

for vectors it = {ui,U 2 ,U 3 ) and it = (mi,M 2 ,M 3 ) of Minkowski 3 space. And norm of the split quaternion 
9 is defined by 

Nq = a/m = V'kM'Il - 9 I -9il- 

If Nq = I then q is called unit split quaternion and 90 = q/Nq is a unit split quaternion for Nq ^ 0. And 
the product 

iq = qq = qq = qo + - qI - qi 

determines the character of a split quaternion. A split quaternion is spacelike, timelike or lightlike (null) 
ii Iq < 0, Iq > 0 or Iq = 0, respectively. Polar forms of split quaternions are defined as follows: 

i. Every timelike split quaternion with spacelike vector part can be written in the form 

9 = A^q(cosh 0 + sinh 9) 

where is spacelike unit vector in Ef. 

ii. Every timelike split quaternion with timelike vector part can be written in the form 

q = Nq{cos d + sin 9) 

where is timelike unit vector in E^. 

iii. Every spacelike split quaternion can be written in the form 

9 = Nq{smh9 + coshd) 

where is spacelike unit vector in Ef. 


it Xl M^ = 


2 














2.2 De-Moivre’s formula for split quaternions 

Euler and De-Moivre formula for complex numbers are generalized for quaternions in m, 0- Similarly 
to the discussions in [5] and [3] , De-Moivre formula and roots of split quaternions are investigated in m 
by considering the casual characters of the quaternion. De-Moivre formulas for split quaternions, which 
are stated in [13], can be given as follows; 

i. li q = 7Vq(cosh0 + sinh0) be a timelike split quaternion with spacelike vector part then 

g" = (TVq)" (cosh 710 -I- ^ sinhn0), 

ii. If g = Nq{cos9 + sin0) be a timelike split quaternion with timelike vector part then 

g" = [Nq)^ {cos nO + sin 770), 


If q = iVg(sinh0 + cosh0) be a spacelike split quaternion then 

(IVq)"(sinh0 -I- cosh0), n is odd 
(IVq)" (cosh 710 -I- sinh7i0) n is even 


for n € N. 


2.3 4x4 Real matrix represeutatious of split quateruious 

For any g g H, consider the linear map 

f/q : H —>■ H 

defined as 

9q{p) = qp- 

This map is bijective and for q = go + qii + q 2 j -I- q^k € H, we have 

09(1) = 00 + 01* + 020 + 03^, 

gq{i) = -01 + 00* + 030 - 02fc, 

9q{j) = 02 + 03* + 000 + 01*, 

9q{k) = 03 - 02* - 010 + 00*- 

Using this map, we may define an isomorphism between HI and algebra of the matrices 


f 

00 

-01 

02 

03 

1 


01 

00 

03 

-02 

; 00,01,02,03 € R 


02 

03 

00 

-01 


1 

. 03 

-02 

01 

00 

J 


The above obtained 4x4 real matrix for the split quaternion q is denoted by 



00 

-01 

02 

03 

01 

00 

03 

-02 

02 

03 

00 

-01 

03 

-02 

01 

00 


and called the left matrix representation of q. 

Proposition 1 UOf For any p, g S H and r G R, the followings are satisfied; 

1 ) Lp-t-g— Lp 4“ Lg, 

ii) Lpg = LpLg, 
ill) = rLp, 
iv) Li = 14 . 
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Similar to the previous discussion, consider the linear map 


/, : H ^ i 


defined as 

fqip) =pq- 

This map is also bijective and ioi q — qo + qii + < 72 j + gafc G H, we have 

/^(l) = do + di* + d2j + dsfc, 

fq{i) = -di + do* - d3j + d2fc, 
fq{j) = d2 - d3* + doj - qik, 
fq{k) = d3 + d2* + dlj + do*- 


By this map, we may define an isomorphism between H and algebra of the matrices 


do 

-dl 

d 2 

d3 

dl 

do 

-d3 

d 2 

d 2 

-d3 

do 

dl 

d3 

d 2 

-dl 

do 


do 

-dl 

d 2 

d3 

dl 

do 

-d3 

d 2 

d 2 

-d3 

do 

dl 

d3 

d 2 

-dl 

do 


; d0,dl,d2,d3 € 


We denote above corresponding 4x4 real matrix for any split quaternion q by 


Rq = 


and it is called the right matrix representation of q. 

Proposition 2 ltd) / For any p, g G H and r G R, the followings are satisfied; 

I) R-p+g — R-p T R-g; 

II) R-pg — R-gR-pi 

iii) Rrp = rRp, 

iv) Ri = I 4 . 


3 De Moivre’s formula for real matrices of split quaternions 

Depending on the casual character of split quaternion, we can express real matrix representations of 
quaternion as follows: 

i. Every timelike split quaternion q. = Nq(cosh9 + ~^ sinh0) with spacelike vector part, we may write 


cosh0 

—ui sinh 9 

U2 sinh 9 

M3 sinh 9 

ui sinh 9 

cosh0 

M3 sinh 9 

—U2 sinh 9 

U2 sinh 9 

M3 sinh 9 

cosh0 

—Ml sinh 9 

U3 sinh 9 

—U2 sinhd 

Ml sinhd 

cosh0 

cosh0 

—Ml sinh0 

U2 sinh 9 

M3 sinh 9 

ui sinhd 

coshd 

—M3 sinh 0 

U2 sinh 9 

U2 sinh 9 

—M3 sinh 0 

coshd 

Ml sinh0 

U3 sinh 9 

U2 sinh 9 

—Ml sinh0 

cosh0 


where = (mi,M 2,W3) is spacelike unit vector in Ef. 


= Nq[cosh9 I 4 +sinhd L^], 


= Nq [cosh 0 I 4 + sinh 9 R-g>-] 
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Every timelike split quaternion q=Nq{cos6 + e sin0) with timelike vector part, we may write 


cos 9 

—Ml sin0 

U2 sin 9 

M3 sin 9 

ui sin 9 

COS 0 

M3 sin 9 

—U2 sin0 

U2 sin 0 

M3 sin 9 

cos 9 

—Ml sin0 

U3 sin 0 

—U2 sin 9 

Ml sin0 

cos 9 

cos 9 

—Ml sin 9 

M2 sin 0 

M3 sin 9 

ui sin 9 

cos 9 

—M3 sind 

M2 sin 9 

U2 sin 0 

—M3 sin 0 

cos 9 

Ml sin 9 

U3 sin 0 

M2 sin 9 

—Ml sin0 

cos 9 


Nq [cos 0 I4 + sin 9 L^], 


A^q[cos0 I 4 + sin0 R^] 


where = {ui,U2,u^) is timelike unit vector in Ef. 


Every spacelike split quaternion q 

= Nq{smh9 + cosh 0 ). 

, we may write 



sinh6l 

— Ml cosh 0 

M2 cosh 9 

M3 cosh0 



= Nq 

Ml cosh 9 
U2 cosh 9 

sinh0 

M3 cosh 9 

M3 coshd 
sinh0 

— M2 cosh0 
—Ml cosh 0 

= A^q[sinh 0 I 4 -1- cosh 0 L-^], 



M3 cosh 9 

— U2 cosh0 

Ml coshd 

sinhd 




sinh 9 

— Ml cosh 0 

M2 cosh 9 

M3 cosh 9 


Rq 

= Nq 

Ml cosh 9 
U2 cosh 9 

sinh0 
—M3 cosh 0 

—M3 coshd 
sinh0 

U2 cosh0 
Ml cosh 0 

= Nq [sinh 0 I 4 -I- cosh 9 R-^-] 



M3 cosh 9 

M2 cosh 9 

—Ml coshd 

sinh0 



where = (mi,M 2 ,M 3 ) is spacelike unit vector in Ef. 


Theorem 3 For any timelike split quaternion q = Nq{cosh9 + sinh0) with spacelike vector part, we 
have 




coshn 0 

—Ml sinh n9 

U2 sinh n9 

M 3 sinh n9 



[L,]" 

= {N,)'^ 

Ml sinhn 0 
M 2 sinhn 0 

cosh n9 

M 3 sinh n9 

M 3 sinh n9 
coshnd 

—U2 sinh n9 
—Ml sinh n9 

= {N,: 

)"[coshn0 I 4 - 1 - sinhn0 L^], 



M 3 sinh n9 

—U2 sinh n9 

Ml sinh n9 

cosh n9 





cosh n9 

—Ml sinh n9 

U2 sinh n9 

M 3 sinh n9 




= {NX 

Ml sinh n9 
M 2 sinh n9 

cosh n9 
—M 3 sinh n9 

—M 3 sinh n9 
coshn 0 

U2 sinh n9 
Ml sinh n9 

= {N,, 

)"[coshn0 I 4 - 1 - sinhn0 R-gs-] 



M 3 sinh n9 

U2 sinh n9 

—Ml sinh n9 

cosh n9 




where = (ui, 162 ,^ 3 ) is spaeelike unit veetor in Ef. 

Proof. We use induction on positive integer n. Let q=Nq (cosh 9 + ~^ sinh0) be any timelike split quater¬ 
nion where = {ui,U2,uz) is spacelike unit vector in Ef. Assume that 


[L,]” = {Nq) 


cosh n9 
ui sinh n9 
U2 sinh n9 
U3 sinh n9 


—ui sinhn 0 
coshn 0 
U3 sinh n9 
—U2 sinh n9 


U2 sinh n9 
uz sinh n9 
cosh n9 
ui sinh n9 


U3 sinh n0 
—U2 sinhn 0 
—ui sinhnU 
coshnd 


= (iVg)”[coshn0 I 4 -|-sinhn0 L-^], 

holds. Then 
(Lg)”+i=(Lq)” L, 


cosh n9 

-Ml sinhn 0 

M 2 sinh n9 

M 3 sinh n9 


cosh 0 

-Ml sinh 0 

U2 sinh 9 

M 3 sinh 9 

Ml sinh n9 

cosh n9 

M 3 sinh n9 

-M 2 sinh n9 


Ml sinh 9 

cosh 0 

M 3 sinh 9 

-U2 sinh 9 

U2 sinh n9 

M 3 sinh n9 

coshn 0 

-Ml sinh n9 


U2 sinh 9 

M 3 sinh 0 

cosh 0 

-Ml sinh 0 

M 3 sinh n9 

-U2 sinhn 0 

Ml sinh n9 

cosh n9 


M 3 sinh 0 

-M 2 sinh 0 

Ml sinh 9 

cosh 0 
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Using the equality 


2 , 2,2 1 
—“t“ U2 


and the identities 


cosh d cosh nd + sinhdsinhn^ = cosh(n + 1)9, 


coshdsinhnd + sinhdcoshnd = sinh(n + 1)9, 


we get 




cosh(n+l)d 
ui sinh(n+l)d 
U2 sinh(n+l)0 
M3 sinh(n+l)0 


-Ml sinh(n+l)d 
cosh(n+l)0 
M3 sinh(n+l)6* 
-M2 sinh(n+l)0 


M2 sinh(n+l)d 
M3 sinh(n+l)d 
cosh(n+l)0 
Ml sinh(n+l)6l 


M3 sinh(n+l)d 
-M2 sinh(n+l)6* 
-Ml sinh(n+l)6l 
cosh(n+l)d 




^cosh(n+l)6l 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


+ sinh(n+l)6* 



0 

-Ml 

U2 

U 3 

Ml 

0 

U3 

-U 2 

U 2 

U 3 

0 

-Ml 

U3 

-U 2 

Ml 

0 


= [cosh(n+l)6l I4 + sinh(n+l)6l L-^]. 


Hence the first formula is true. Similarly suppose that 




cosh n9 
Ml sinh n9 
M2 sinh n9 
M3 sinh n9 


—Ml sinh n9 
cosh n9 
—M3 sinh n9 
M2 sinh n9 


M2 sinh n9 
—M3 sinh n9 
cosh n9 
—Ml sinh n9 


M3 sinh n9 
U 2 sinh n9 
Ml sinh n9 
cosh n9 


= (iV,)"[coshnd I4 +sinhnd R^] 


is true. Then 

(R,)”+' = (R,)” R, 


coshn^ 

-Ml sinhnd 

U 2 sinh n9 

M3 sinh n9 


coshd 

-Ml sinh 9 

U 2 sinh 9 

M3 sinh 9 

Ml sinhn0 

cosh n9 

-M3 sinh n9 

U 2 sinh n9 


Ml sinhd 

coshd 

-M3 sinh 9 

U 2 sinh 9 

M2 sinh n9 

-M3 sinh n9 

coshnd 

Ml sinh n9 


M2 sinh 9 

-M3 sinh 9 

coshd 

Ml sinhd 

M3 sinh n9 

U 2 sinh n9 

-Ml sinh n9 

cosh n9 


M3 sinh 9 

U 2 sinh 9 

-Ml sinh 9 

coshd 


Then we get 


(R,)”+^=(iV,)"+i 


cosh(n+l)d 
Ml sinh(n+l)d 
M2 sinh(n+l)d 
M3 sinh(n+l)d 


-Ml sinh(n-|-l)d 
cosh(n+l)d 
-M3 sinh(n-|-l)d 
M2 sinh(n-|-l)0 


M2 sinh(n+l)d 
-M3 sinh(n+l)d 
cosh(n-|-l)d 
-Ml sinh(n+l)0 


M3 sinh(n-|-l)d 
M2 sinh(n-|-l)0 
Ml sinh(n-|-l)d 
cosh(n+l)d 


=(iV,)"+i 


^cosh(n-|-l)d 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


-I- sinh(n+l)d 



0 

-Ml 

U2 

U3 

Ml 

0 

-M3 

U2 

U2 

-M3 

0 

Ml 

U3 

U 2 

-Ml 

0 


={Nq)^^^ [cosh(n -I- 1)9 l4+sinh(n -I- 1)9 R-g>-]. 
So, the second formula is also true. ■ 
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Theorem 4 For any timelike split quaternion q=Nq{cos0+~^ sin0) with timelike vector part, 




(R,)”=(iV,) 


cos n 9 

-Ml sin n 9 

ui sin n0 

cos n 9 

U2 sin n 9 

M3 sinn0 

U3 sin n 9 

-M2 sin n 9 

cos n0 

-Ml sin n 9 

ui sin n 9 

cos n 9 

U2 sin n 9 

-M3 sin n 9 

U3 sin n 9 

U2 sinn0 


M2 sinn0 

M3 sin n0 

M3 sin n 9 

-M2 sin n0 

cos n 9 

-Ml sinn0 

Ml sinn0 

cos n 9 

M2 sin n 9 

M3 sinn0 

-M3 sin n 9 

M2 sinn0 

cos n0 

Ml sinn0 

-Ml sinn0 

cos n 9 


={Nq)"‘[cosn 9 l4 + smn 9 L^], 


={Nq)"‘[cosn 9 l4 + smn 9 R^] 


where = {ui,U2,u^) is timelike unit vector in Ef. 


Proof. We use induction on positive integer n. For any timelike split quaternion q=Nq{cos 9 +^ sind) 
with timelike unit vector = (ui,U2,U3) in Ef. Suppose that 


(L,)” = (Nq) 


cos n 9 
ui sin n 9 
U2 sin n 9 
U3 sin n 9 


-ui smn 9 
cos n 9 
U3 sinnd 
-U2 sinnd 


U2 sinnd 
U3 sinnd 
cos n 9 
ui sinnd 


U3 sinnd 
-U2 sinnd 
-ui sinnd 
cos n 9 


= {Nq)"‘[cosn 9 R+sinnd L^], 


holds. Then 

(L,)"+i = (L,)” Lq 


cos n 9 

-Ml sinn0 

M2 sinn0 

M3 sinn0 


COS 0 

-Ml sin0 

M2 sin 0 

M3 sin 0 

Ml sinn0 

cos n 9 

M3 sinn0 

-M2 sinn0 


Ml sin0 

COS 0 

M3 sin 0 

-M2 sin 0 

M2 sinn0 

M3 sinn0 

cos n 9 

-Ml sinn0 


M2 sin 0 

M3 sin 0 

cos 9 

-Ml sin 0 

M3 sinn0 

-M2 sinn0 

Ml sinn0 

cos n0 


M3 sin 0 

-M2 sin 0 

Ml sin 0 

cos 9 


Using the equality 

2 I 2 I 2 1 

— Ui + U2 + — — 1 , 

and the identities 


cosdcosn 0 — sindsinn 0 = cos(n + 1 ) 9 , 


cosdsinnd + sindcosnd = sin(n + 1 ) 9 , 


we get 




cos(n + 1)0 
ui sin(n + 1)0 
U2 sin(n + 1)0 
U3 sin(n + 1)0 


-ui sin(n + 1)0 
cos(n + 1)0 
U3 sin(n + 1)0 
-U2 sin(n + 1)0 


U2 sin(n + 1)0 
U3 sin(n + 1)0 
cos(n + 1)0 
ui sin(n + 1)0 


U3 sin(n + 1)0 
-U2 sin(n + 1)0 
-ui sin(n + 1)0 
cos(n + 1)0 


= {Nq)^+^ 


^cos(n + 1)0 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


+ sin(n + 1)0 



0 

-Ml 

U2 

Us 

Ml 

0 

Us 

-M2 

U2 

Us 

0 

-Ml 

Us 

-U2 

Ml 

0 


= (Nq)^^^ [cos(n + 1)0 I4 + sin(n + 1)0 L^]. 
Hence the first formula is true. 
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Assume that 


(R.)” = W 


cos nO -uisinnO U 2 SmnO ussinnO 
Uisinn0 cos n9 -U 3 sin nO U 2 sin n9 
U 2 sin n 6 -U 3 sin nO cos nO ui sin nO 
ussinnO U 2 sinnO -ui sinnO cosnO 


is true. Then 


= {Nq)"[cosnO l4+sinn6l R^] 


(R,)"+i = (R,)” R, 


=(iV,)"+' 


Then we get 


cos n9 

-ui sin n9 

U 2 sin n9 

U 3 sin n9 


cos 9 

-ui sin 9 

U 2 sin 9 

U 3 sin 0 

ui sinn9 

cos n9 

-U 3 sin n9 

U 2 sin n9 


ui sind 

cos 9 

-U 3 sin 9 

U 2 sind 

U 2 sinnd 

-U 3 sin n9 

cos n9 

ui sin n9 


U 2 sin 9 

-U 3 sin 9 

cos 9 

ui sin 0 

us sinnd 

U 2 sinnd 

-ui sin n9 

cos n9 


U 3 sin 9 

U 2 sin 9 

-ui sin 9 

cosd 


(R,)”+'=(A^,)"+i 


cos(n+l )0 -uisin(n+l )0 
■ui sin(n+l )0 cos(n+l )0 
t 62 sin(n+l )0 -U 3 sin(n+ 1)0 


U2sin(n+1)0 U3sin(n+1)0 

-■U3 sin(n+l )0 M2sin(n+1)0 
cos(n+l)0 uisin(n+l)0 


■U 3 sin(n+ 1)0 ■U 2 sin(n+ 1)0 -uisin(n+l )0 cos(n+l) 6 l 


--{Nq)^+^ <( cos(n+l) 6 » 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


+ sin(n+l )0 


0 

-Ui 

U2 

Us 

Ui 

0 

-Us 

U2 

U2 

-Us 

0 

Ul 

Us 

U2 

-Ul 

0 


={Nq)^^^ [cos(n+l )0 l 4 +sin(n+l )0 R^]. 

So, the second formula is also true. ■ 

Theorem 5 For any spacelike split quaternion q = Nq{sinhd+^ coshd), 
If n odd then 




sinh n9 

-Ul cosh n9 

U 2 cosh n9 

Us cosh n9 

(L,)” 

= (Nqr 

Ul coshnd 
U 2 cosh n9 

sinh n9 

Us coshn 0 

Us cosh n9 
sinh n9 

-U 2 cosh n9 
-Ul coshn 0 



Us cosh n9 

-U 2 cosh n9 

Ul coshnd 

sinh n9 



sinh n9 

-Ul cosh n9 

U 2 cosh n9 

Us cosh n9 

(R,)” 

= (Nqr 

Ul coshnd 
U 2 cosh n9 

sinh n9 
-Us cosh n9 

-Us cosh n9 
sinh n9 

U 2 cosh n9 
Ul cosh n9 



Us cosh n9 

U 2 cosh n9 

-Ul coshn9 

sinh n9 

If n is 

even then 






cosh n9 

-Ul sinh n9 

U 2 sinh n9 

Us sinh n9 


^={Nqr 

Ul sinh n9 
U 2 sinh n9 

coshnd 

Us sinh n9 

Us sinh n9 
coshnd 

-U 2 sinh n9 
-Ul sinh n9 



Us sinh n9 

-U 2 sinh n9 

Ul sinhnd 

cosh n9 



cosh n9 

-Ul sinhnd 

U 2 sinh n9 

Us sinh n9 

(R,) 

"=iN,r 

Ul sinhnd 
U 2 sinh n9 

cosh n9 
-Us sinh n9 

-Us sinh n9 
cosh n9 

U 2 sinh n9 
Ul sinh n9 



Us sinh n9 

U 2 sinh n9 

-Ul sinh n9 

cosh n9 


= {Nq)"[sinhn 9 l4+coshn0 L^], 


= (A^q)"[sinhnd I4 + coshnd L-^]. 


={Nq)^ [coshn9 14 +sinhnd L^], 


= (A^q)"[coshn0 14+sinhnd L-gj-]. 
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4 Euler formula for real matrices of split quaternions 

In this part, we will state Euler formula for real matrices of spacelike and timelike pure split quaternions, 
separately. 

Theorem 6 For any timelike pure unit split quaternion q = ~^ = {ui,U2,U3), 
gSL, _ COS0I4 + sin 0 Lq and = cos0l4 + sin 0 Rg. 

Proof. Let q = ~^ = (ui, 462 ,^ 3 ) be any timelike pure unit split quaternion, we have 


Lg = 


0 

-Ml 

U 2 

U 3 

Ml 

0 

U 3 

-U 2 

U 2 

U 3 

0 

-Ml 

U 3 

-U2 

Ml 

0 


Using the identity 


we get (Lg)^ = — 14 . So, we have 


and (Lg)^ = {—u\ -\-u\+ Ug) 


2 I 2 I 2 _ 1 

— Wg “t“ U 2 rAg — —1 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


„eL, 


1 - I4 + 0 Lg + -^(Lqr)^ + 


n2 n3 fjA n5 n6 

= 14 + 0Lg + ■^(“14) + "^(“Lg) + — (I 4 ) + 77(Lqr) + -^( — 14 ) + ■ • ■ 


3! 


4! 


5! 


6 ! 


^ ^ ^ 
^ IT “ 


03 05 

)I4 + (0 - -)Lg 


= COS 0 I 4 + sin 0 Lg. 

It is easy to see (Rg)^ = —14 and = COS 0 I 4 + sin0 Rg. ■ 

Theorem 7 For any spacelike unit pure split quaternion q = ~^ = (ui,U2,U3), 

_ gosh 0 I 4 + sinh 0 Lg and = cosh 0 I 4 + sinh 0 Rg 
Proof. Let q = ~^ = {ui,U 2 ,U 3 ) be any spacelike pure unit split quaternion, we have 


{Lgf = {-ul + ul+ul) 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


Using the identity 


2,2.2 1 

— H” 112 ^3 — ^ 


we get (Lg)^ = I 4 . So, we have 


= I 4 + 0Lg + ^(Lg)2 + ^(Lg)3 + ^(Lg)^ + ^(Lg)^ + ^(Lg)® + 


0L, 


92 q3 

.I4 + _Lg 


04, 05, 

rl4 + —Ln 




« 2! 4 ^ 3! « 4! 4 ^ 5! « 6! ■ 


, 02 04 06 

+ 4! 


03 05 

)I4 + (0 + H-)Lg 


= cosh0 I 4 + sinh0 Lg. 


Similarly, it can be easily shown that (Rg) = I 4 and = cosh 0 l 4 + sinh0 Rg. 
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